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Abstract - One of the challenges in personal positioning is the efficient numerical solution
of the nonlinear filtering equations resulting from the fusion of different measurement sources.
One approach to nonlinear filtering is based on approximating probability density functions with
piecewise constant functions. In this work, a moving grid filter is outlined and it is applied to the
hybrid local positioning problem. Using a linear motion model and a particular uniformly spaced
parallelepiped grid design makes the computation load of the method feasible. Numerical test
results from a Matlab implementation are presented, and it is found that the grid method is fast
enough for real-time implementation.

1 Introduction

One of the challenges in personal positioning is to provide accurate or at least correct position information
in urban areas or indoors. The behaviour of satellite-based systems such as GPS is unpredictable at best
when used indoors in high-sensitivity mode. Local wireless networks, such as the cellular network,
WLAN [1], or Bluetooth [2], offer some positioning capacity but with accuracy inferior to GPS. Another
possible component of a personal navigator are the on-board sensors such as accelerometers, barometers
or digital compasses.

Combining the various measurement sources is difficult because of different error characteristics,
unpredictable distortions, or systematic errors in measurements, strong nonlinearity, complex time-
dependencies, and missing data. It is not simple to explicitly model all the cases in a general way,
let alone solve the models accurately. Even with correct models, the commonly used Kalman filter and
its nonlinear extensions can fail without warning [3].

A recursive Bayesian estimator propagates the complete state distribution and thus can represent also
multimodal or under-determined systems accurately. In the Bayesian framework [4, 5], measurement
errors do not have to be Gaussian but any measurement model that best matches the real-world situation
can be used. The recursive Bayesian filter is most often realised as a sequential Monte Carlo filter, also
known as particle filter [6]. The open issue with particle filters is how to find a “sufficient” number of
particles in order for the particle swarm to represent the densities correctly.

This work presents an alternative approach to Bayesian filtering based on piecewise constant approx-
imations of the probability densities and an application in hybrid local positioning. Furthermore, we
show how using a particular uniformly spaced parallelepiped grid design makes the computation load of
the method feasible.

1.1 The nonlinear filtering problem

Consider the discrete-time system with d-dimensional state x
k

and measurements y
k
:
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Equation (1) is called the motion model and (2) the measurement model. The number of measurements
m

k
need not be same on every time instant.
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For abbreviated notation, mark the probability density function (pdf) of the state x
k

given measure-
ments up to time l with

p
k|l

(x
k
) = p(x

k
| y1, y2, . . . , yl

).

Let the probability of measurement y given position x, called the likelihood function, be

L
k
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k
) = p(y

k
| x

k
) = pvk

(y
k
− h(x

k
)) ,

and the transition pdf
φ

k
(x

k+1 | x
k
) = pwk

(x
k+1 − f

k
(x

k
)) .

The algorithm for recursive Bayesian estimation is:

Step 0. Begin with initial distribution p0|0. Set k = 1.

Step 1. Compute the predictive pdf

p
k|k−1(x) =

∫
Rd

φ
k−1(x | ξ) p

k−1|k−1(ξ) dξ. (3)

Step 2. Compute the posterior pdf
p

k|k
(x) ∝ p

k|k−1(x) L
k
(x). (4)

Step 3. Output posterior mean E(x
k
) and variance V (x

k
).

Step 4. Increment k and repeat from Step 1.

Analytical solutions to the Bayesian filtering problems are known only for a few special cases, most
notably the linear Gaussian model for which the Kalman filter is an exact Bayesian solution. There
are also some special saturation-type processes for which the Benes filter is exact [7]. For almost all
real-world problems, however, the intermediate distributions have to be approximated numerically.

2 Personal positioning problem

In the personal positioning setting, the most common motion model is the position-velocity model, where
the state consists of three-dimensional position and velocity:

x
k

=
[
r
k

v
k

]
and state transition function in (1), when the time interval is one second, is

f
k
(x) =

[
I3×3 I3×3

03×3 I3×3

]
x.

We will work with position estimates derived from three different types of measurements: range,
range difference and planar. The subscript k identifying the time instant is omitted for clarity except
where necessary.

Given the true position r, a range measurement to a station at position s can be written as

h(r) = ‖s − r‖.

The associated measurement error v need not be normal. Ideally, we would using an empirically de-
termined distribution that matches the real situation, as is done with short-range wireless networks, for
example [2].
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The biased range measurements that are typical in GPS are treated as range differences. One of
the stations is chosen as reference station and all the differences are formed with respect to it. Let the
reference station be at s0, then the range difference measurement is

h(r) = ‖s − r‖ − ‖s0 − r‖.

Note that if there are several range difference measurements, their errors are correlated because all share
the error in the reference range. This has to be taken into account when constructing the error covariance
matrix.

Finally, the planar measurement is
h(r) = uT r,

where u is a unit vector.
On each time step, stack all available measurements into a vector y

k
and the corresponding measure-

ment equations into a vector function h
k
(x). The additive measurement errors are modelled within the

likelihood function.

2.1 An example

Consider the case with n
d

range difference measurements, nr range measurements, and np planar mea-
surements. Then the measurement vector is

y =
[
d1 · · · dnd

r1 · · · rnr
a1 · · · anp

]
T

and the measurement model

h(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

‖s1 − x‖ − ‖s0 − x‖
...

‖snd
− x‖ − ‖s0 − x‖
‖snd+1 − x‖

...
‖snd+nr

− x‖
uT

1
x

...
uT

np
x

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

If all the measurement errors have normal distributions, then the likelihood function is

L(x) ∝ e−
1
2 (h(x)−y)

T
Σ

−1
(h(x)−y)

where Σ is the covariance matrix of the measurement errors v.

2.2 Significant domain

The significant domain S is the (simply connected) region in R
d in which the solution probability is

non-negligible [8]. The numerical solution process can then be constrained inside S without too much
error.

The significant domain can be formed by truncating the measurement likelihoods or prior distri-
bution, or propagating the significant domain of the previous time instant through the (truncated) state
model. Truncation must be done carefully to keep the total probability mass outside the significant do-
main within predefined limits. Additionally, in the local positioning application, the significant domain
can further be reduced using, for example, base station maximum ranges, base station sector constraints,
altitude constraints, and limiting the user velocity within some reasonable bounds.
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3 Parallelepiped grid

Model the probability density functions in the Bayesian filtering problem as piecewise constant over a
finite collection bounded of cells. An evenly spaced d-dimensional parallelepiped grid can be uniquely
described with vectors e ∈ R

d, n ∈ Z
d

+
and a non-singular basis matrix E ∈ R

d×d. The cell centres are
then computed from

c(i) = e + Ei, 0 ≤ i ≤ n,

where i ∈ Z
d

+. The cell with multi-index i is defined as

G(i) =
{
c(i) + Eγ

∣∣ γ ∈
(
−1

2
, 1

2

]
d

}
.

The area (volume) of each cell is |detE|. It is easy to see that the cells are disjoint and cover a paral-
lelepiped region. Figure 1 illustrates a two-dimensional grid with n = (2, 4).

c
(1,4)

E

e

Figure 1: Uniform parallelepiped grid

Let the mean density in a cell be π(i) ∈ R
+, so that we can write density function approximations in

the form

p̂(x) =
n∑

i=0

π(i) χ
G(i)(x), (5)

where χ
G(i) is the characteristic function of the cell G(i) [9].

3.1 Grid design

By grid design we mean deciding what area the grid should cover and how large cells to use. When
choosing the number of cells to use, one extreme choice is to generate massive amount of very small
cells. Then the approximation will be asymptotically accurate even if the π(i) are chosen sub-optimally,
for example using just the density value in the cell centre as is done in the classical point-mass filter [10].

Another extreme is to use just a few very large cells. Then it is essential that the mean densities in
the cells be computed as accurately as possible. Most of the structure of the pdf is however lost when
large parts of the pdf are approximated with constant patches. Fortunately, it usually is not necessary to
use grid spacing much denser than the expected positioning accuracy.

In the implementation it is thus possible to try to strike a balance between computation load and
accuracy. Optimally, the cell should not be much smaller than the finest features of the posterior distribu-
tion. There are some analytic results on how to anticipatively design 1D and 2D grids for the point-mass
method [11], but these are yet to be generalised for the multidimensional piecewise constant grids.
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3.2 Moving grid algorithm

Using the grid approximation, the Bayesian filter can be approximated with the following algorithm. The
grid approximation of p is denoted with p̂.

Step 0. Approximate the initial distribution p0|0 with p̂0|0. Set k = 1.

Step 1. Prediction step:

p̂
k|k−1(x) =

∫
Rd

φ
k−1(x | ξ) p̂

k−1|k−1(ξ) dξ ≈

nk∑
i=0

π
k|k−1(i) χ

Gk(i)(x), (6)

where

π
k|k−1(i) =

1
|det E

k
|

nk−1∑
j=0

π
k−1|k−1(j)Γk

(i|j) (7)

and Γ
k
(i|j) is the transition probability from jth cell of (k − 1)th grid to ith cell of kth grid.

Step 2. Update step:

p̂
k|k

(x) ∝ p̂
k|k−1(x)L

k
(x) ≈

nk∑
i=0

π
k|k

(i) χ
Gk(i)(x), (8)

where

π
k|k

(i) = π
k|k−1(i)

∫
Gk(i)

L
k
(ξ)dξ. (9)

This step requires either the analytic or numerical integration of the likelihood function over each
cell.

Step 3. Output current mean and variance estimates

µ
k

= |det E
k
|

n∑
i=0

π
k|k

(i)c
k
(i)

Σ
k

= |det E
k
|

n∑
i=0

π
k|k

(i)c
k
(i)c

k
(i)T − µ

k
µT

k
+

|det E
k
|

12
E

k
ET

k
.

(10)

Step 4. Increase k and repeat from Step 1.

3.3 Cell transition probabilities

In the prediction step (6), we need to compute the new mean density values π
k|k−1(i). The old grid and

the new grid are in general different. Denoting the cell volume with α
k

= |det E
k
|, we can compute the

mean density in a cell by integrating the predictive pdf (3) over the cell:

π
k|k−1(i) =

1
α

k

∫
Gk(i)

p
k|k−1(ν) dν =

1
α

k

∫
Gk(i)

[∫
φ

k−1(ν | ξ) p
k−1|k−1(ξ) dξ

]
dν.

Replacing p
k−1|k−1 with its grid approximation yields

π
k|k−1(i) ≈

1
α

k

nk−1∑
j=0

π
k−1|k−1(j) Γ

k
(i|j), (11)
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where Γ
k
(i|j) stands for the transition probability from jth cell to ith cell. Computing this probability

efficiently is crucial. Note that it does not depend (directly) on measurements or current state, but only on
the state model and the relation of the consecutive grids. As the grid evolves dynamically, the transition
probabilities have to be re-computed for each time step.

One implementation possibility is the point-mass filter [10], where we make the approximation
Γ

k
(i|j) ≈ φ

k

(
c
k
(i)
∣∣c

k−1(j)
)

where c
k
(i) is the centre point of ith grid cell. This is fast to compute

per cell, but is accurate only for relatively small cells.
To get a more efficient prediction formula (7), we have to assume that the motion model is linear, e.g.

f(x) ≡ Tx, and that the new grid basis is formed by applying the motion model to the old grid basis:
E

k
= TE

k−1. Then the transition probability between the ith cell in the old grid and the jth cell of the
new grid depends only on the difference i − j, and we can write Γ

k
(i|j) = τ

k
(i − j). Then the mean

density in the new grid cell (11) becomes

π
k|k−1(i) ≈

1
α

k

nk−1∑
j=0

π
k−1|k−1(j) τ

k
(i − j),

which is fast to compute as a d-dimensional discrete linear convolution.
Now the transition probability τ

k
(i − j) is

τ
k
(i − j) =

1
α

k−1αk

∫
ck(i)+EkK

⎡⎢⎣ ∫
ck−1(j)+Ek−1K

φ(ν | ξ) dξ

⎤⎥⎦ dν,

where K =
(
−1

2
, 1

2

]
d

. This can be simplified to

τ
k
(i − j) =

∫
K

pwk
[E

k
(i − j) + e

k
− Te

k−1 + E
k
λ] dλ =

∫
K

pwk,i−j(λ) dλ, (12)

where pwk,i−j is shorthand for the modified process noise probability density function. Specifically, if
w

k
∼ N(0, Q), then

w
k,i−j

∼ N
(
j − i − E−1

k
(e

k
− Te

k−1), (E−1

k
)T QE−1

k

)
.

The integral (12) then is just multinormal probability in a hyper-box and can be computed numeri-
cally [12].

If w
k

is non-Gaussian, the transition probabilities τ
k
(i − j) can be computed using the cumulative

distribution.

3.4 Interpolation between grids

Because the consecutive grid bases are connected by E
k+1 = TE

k
, the cells will eventually become

“sheared” along the velocity dimension. In practice, it is best to straighten the grid by interpolating
every once in a while. Figure 2 illustrates the interpolation process. In accurate interpolation, the mean
density in the new cell is computed by taking intersection with every cell in the old grid and summing the
weighted densities. Accurate interpolation is computationally expensive in the general multidimensional
case, and is still work in progress. With a large number of small cells, the interpolation method does not
have to be very sophisticated, as long as it is asymptotically correct. With a few large cells, on the other
hand, it is important to lose as little information as possible in the interpolation.
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→

Figure 2: Interpolating from one grid to another

4 Testing

The moving grid method was implemented in MATLAB along with a test bench for comparison between
other nonlinear filters. Polytope manipulation necessary for managing the significant domains was based
on the double description method [13], for which a C++ implementation as well as a MATLAB wrap-
per [14] are freely available.

The simulation test bench was designed to produce dynamic test data similar to what could be ex-
pected in real-world personal positioning scenario. The main difference from the real data is that in the
simulation the true track and correct measurement and motion models are available. The testing process
consists of first generating a true track of 120 points with one second intervals with a velocity-restricted
random walk model, then generating a set of base station along the track with maximum ranges set so
that one to three stations can be heard from every point on the track. A GPS constellation is then sim-
ulated with an elevation mask and shadowing profile set so that only a couple of satellites are visible at
a time. Finally, noisy measurements are generated for each time step from the visible satellite ranges
and delta-ranges, base stations ranges and sector information, and optionally also compass and altitude
measurements.

Several track and measurement sets were generated with different parameters for the user motion
model, measurement sources available, and measurement noises. The testing scenarios range from po-
sitioning with just one or two base stations with up to 500 m ranging errors through a hybrid case with
a couple of base stations and a two-three satellites to an over-determined satellite-only case. The result-
ing test set of 622 tracks, hopefully, is representative of the various difficult situations where personal
positioning might be used.

The test tracks were run through the moving grid filter, and the mean and covariance of the posterior
distribution recorded at each time step. For comparison, the data was also processed with an extended
Kalman filter (EKF) [3], and a 2-million point “bootstrap” particle filter, which requires about hundred
times more computation but is what we think the closest we can get to the optimal solution without
spending months of CPU time. The particle filter solution is used as reference in the testing.

4.1 Results

The focus of these preliminary results is on gaining insight into the problem and the behaviour of the grid
solver by inspecting the results of some individual runs. Quantitative results would not make much sense
at this point because firstly, the data is simulated with arbitrarily chosen parameters so we can expect
arbitrary results, and secondly, there is not yet a sound and fair way of comparing different solvers either
to each other or to the true/optimal solution.

Figure 3 shows an example run. The ellipses represent the one-sigma approximation of the estimated
posterior distributions. The optimal posterior distribution is bi-modal, and the optimal mean estimate
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Figure 3: Example run using range measurements from two base stations. The ellipsoids represent the
66% confidence regions.

travels somewhere in between the two. It can be seen how the EKF strayed on the wrong branch of the
posterior and gives over-optimistic variance estimates.

The 2D error of the grid filter is compared to the cell radius in Figure 4. The error of the estimated
mean from the reference mean, that is taken to be quite close to the optimal posterior mean, is indeed
always smaller than the cell radius. Thus, the grid filter works as well as is to be expected. The accuracy
can be improved by either using more cells, which results in more computation, or to use a tighter
significant domain, in which case there is a risk of leaving too much of the posterior density outside the
grid.

5 Discussion

Personal positioning often is required although there are only a few measurement sources available that
might have large errors with unusual distributions. In these cases, it is essential that the maximum amount
of information be extracted from every measurement. One way of achieving this is to approximate the
ideal Bayesian filter as accurately as possible.

The moving grid filter presented in this paper is a conservative approach to Bayesian filtering. It may
not be able to present the finer features of posterior density function accurately, but it should at least
keep track of the shape of the posterior and not drop any its peaks. Preliminary testing of the MATLAB

implementation shows that although accurate solution would require huge number of grid cells, the filter
can be run with very coarse grids and it succeeds in keeping the magnitude of the error about the same
as the cell radius.

This work also underlines the question of how to evaluate the performance of nonlinear filters. Should
we compare the absolute error between the posterior mean and the true track? When the posterior dis-
tribution has two distinct peaks, the posterior mean is between the peaks and can be far away from the
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Figure 4: The 2D error of the moving grid filter mean estimate compared to the cell radius

true track. Then discarding one of the peaks might lead to seemingly better performance even though
the posterior distribution is clearly wrong. One approach would be to compare the maximum posterior
estimate to the true position, but then there would be the problem of what to do when the posterior ap-
proximation has several peaks. Ideally, we would like to compare the approximated posterior distribution
to the true posterior distribution. The problem with this is that while the true track might be known in
the simulation, the true posterior implied by the measurements is not.

In this work, we resorted to comparing the filtered mean with the true track and with the means of the
classical EKF and that of a 2-million point particle filter. It would have been informative to compare the
actual posterior distributions of the different filters, but as of yet no feasible numerical method of doing
so is not known. This is a topic for future research.
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